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Abstract—The notion of Lipschitz stability for systems of ordinary differential equations (ODE)
was introduced. In this paper, we will extend the total stability notion to a new type of stability called
total Lipschitz stability. Some criteria and results are given. Our technique depends on Liapunov’s
direct method. MSC-34D20. (© 2003 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

Consider the systems

z' = f(t,z), (1L.1)

and the perturbed system
¥ = f(t,z) + h(t,z), (1.2)

where f,h € C[J x R™, R], J = [to,0), f(t,0) = h(t,0) = 0, with z(to,t0,Z0) = Tg, R" is the
n-dimensional Euclidean real space, ||z| is any norm of the vector z € R", and R = (00, —00).
Define S, = {z, x € R, |jz|| < p, p > 0}.

The variety of problems of the qualitative properties of differential equations has been successful
in different approaches based on Liapunov’s direct method, for ordinary and functional differential
equations. There are many results concerned with relationships between the total stability and
uniform asymptotic stability (see [1-5]).

For a system of differential equations, uniformly asymptotically stable implies totally stable. It
is known that the converse is not generally true. In [6] Dannan and Elaydi introduced the notion
of Lipschitz stability for systems (1.1) and (1.2). Furthermore, they investigated and improved
the relation between Lipschitz stability and Liapunov stability (see [7]). Many authors discussed
and proved the necessary and sufficient condition for the zero solution of systems of differential
equations notions to be 17 and Tx-total stable.
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The aim of the paper is to extend both the notions Lipschitz stability of [7] and T;-stability
of [8], i = 1,2 for system (1.1) to the so-called T;-total Lipschitz stability, i = 1, 2. Furthermore,
we prove that uniform asymptotic stability implies uniform Lipschitz stability of the zero solution
of (1.2) which is inconsistent with the conjecture of Dannan and Elaydi [7].

Consider the comparison system

u' = G(t,u), u(ty) (1.3)
and the perturbed system
W = Gt u) + p(t), (1.4
where G € C[J x R™, R], G(t,0) =0, and p(t) € [J x R*]. Now, as in [5,8], we define a Liapunov
function V(t,z) € C[J x R", R], and the function
D*V/(t) = lim sup % V(£ + 06,2+ 6£(t,2)) — V(£, 7). (15)

The following definitions will be needed.

DEFINITION 1.1. The zero solution of system (1.1) is said to be T- totally Lipschitz stable if for
€ > 0, there exist positive numbers §; > 0, 3 > 0, and M > 1 such that for a solution x(t,to, o)
of the perturbed system (1.2), the inequality

[l (t, to, o) || < Mjzo|
holds, provided that

lzoll <81, |R(t,z)|| < 6, for |z|| <€, ted

DEFINITION 1.2. The zero solution of system (1.1) is said to be Ty- totally Lipschitz stable (or
totally Lipschitz stable under permanent perturbations bound in the mean) if for € > 0, there
exist positive numbers 81(€) > 0, 85(¢) > 0, and M > 1 such that for the perturbed system (1.2),
the inequality

(¢, to, zo)|| < Mol (1.6)

holds, provided that
||.’L'o|| <y, ||h(t,_’L')|| < )‘(t)v for Hx” <g,

and (1.7)
to+T
/ As)ds < 6s, T >0.
to

Any T;-totally Lipschitz stability, i = 1,2 can be similarly defined.

2. LIPSCHITZ STABILITY

In this section, we will discuss uniform asymptotic stability implies uniform Lipschitz stability
of (1.1) which is inconsistent with the conjecture of Dannan and Elaydi {7].

LEMMA 2.1. If the zero solution of (1.1) is uniformly asymptotically stable, then there exists a
continuous function V(t,z) € [Rt x R*, R] such that

el <V (t,2) < Mllzll, M >1,

for any solution x(t) of (1.1).
ProOF. Since the zero solution of (1.1) is uniformly asymptotically stable, by Theorem 5.4.4
of [9], we get

lzll < llz(t)|lo(t —t1), t>t, cE€KR, OEuL (2.1)
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Thus, choosing o and ¢ as o(t) = e~ *¢~*) o > 0 and
cllzll = Mllz(t)l, M>1.
Consequently, inequality (2.1) becomes
Izl = Mlja(®)lle™®=), >4, (2.2)
Now, if the scalar function V(t, z) is chosen as

Vit,z) = sup ll]. ' (2.3)

Hence, we get
Izl < V(E,z) < Mljz|.
The proof is completed.
THEOREM 2.2. Let the hypotheses of Lemma 2.1 be satisfied and f(t,z) in (1.1) be locally
Lipschitzian in t. Then the zero solution of (1.1) is uniformly Lipschitz stable.

Proor. From Lemma 2.1, the zero solution of (1.1) is uniformly asymptotically stable, by using
Theorem 3.6.9 of [9]. There exists a continuous function V (¢, z) € [R* x R*, R] satisfying

(1) ll=ll £ V(t,z) < Milz||, M > 1;

@) [V(t,z) - Ve, 9l < llz —yl|, for (¢,2),(t,y) € J x B

(3) V'(t,x)yy < —clzf, ce K.

Thus, it clear that condition (6) implies V/(¢,z) < 0, and therefore, the conditions of Theo-
rem 1.2 of [7] are satisfied. Hence, the zero solutions of (1.1) are uniformly Lipschitz stable. The
proof is completed.

3. TOTAL LIPSCHITZ STABILITY

In this section, we discuss the notion of Tj-total Lipschitz stability of (1.1) which connects
between both notions of Lipschitz stability of [6,7], and T;-total stability of [8], ¢ = 1, 2.
The following definitions will be needed in this section.

THEOREM 3.1. Suppose that f(t,z) in (1.1) is locally Lipschitzian in = uniformly int, and h(t, z)
is a bounded function. Then the zero solution of (1.1} is uniformly T;-totally Lipschitz stable iff
there exists a continuous function V (t,z) for t > to, and ||z| < 4, such that

(@) lell < V(t,2) < Llizl, L> 1;

(5) |IV(t,z) = V(t, 9| < L*||lz —y||, for t > to, L* > 1;

(6) V'(t,z) <0.

Proor. Let the zero solution of (1.1) be uniformly T)-totally Lipschitz stable. Then there exist
M >1, 6; >0, and §, > 0 such that

llz(t, 0, zo)|| < M|zo]], (3.1)

whenever ||z < 61, ||h(E, 2)|| < 82, t > to.
Following [7], we choose the function

V(t,z) =sup||z(t +s,t,z)| (e7*7* +1). (3.2)
3>0
Then
lz(t, ¢, 2)|| < [la(t, ¢, )| (1 +e7) < V()
< M sup ||z(¢, ¢, )| (e7*7* + 1)
520
<2M|z|| < L|=].
This proves (4).
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Since f(t,z) in (1.1) is locally Lipschitzian in = uniformly in ¢, there is ¢ = g (M, ) such that
z(t+ s, 8, 2)|| = l|lz(t + 5,8, 9)|| < e®flz—yl],

for
lzll <38, |yl <6,  d>0.

We note that
zt+stz)| <Mz <Ms  and [yt +s,t,y)l| < M|yl < Mo
Let N > 0 be a constant such that M = e?. Then
sup ||z(t + s,t,2)]] (e‘s"t + 1) < sup ||z|| (eN + eN's't) .
320 320
Hence, the above sup is realized for 0 <t+s < N incaset > N andif s =0in caset > N.
Thus, for ||z| < §, and ||y|| <6,
Vit,z) - V({t,y)| < Sl;}g(llx(t +s,t, )| = lz(t + 5,6, y)|) (77t + 1)
82
0<t+s<Nift<N, ands=0ift > N)
<supellz —y| (e*F+1)
8>0
<Lls—yl, L>L
This proves (5).
The proof of (6) follows from (3.2). We get
1
o __ . - .
Vi= 51—1'r(r)1+ 3 V(t+6,z(+4d,tx))— V()

S T 1 —s—t+h
=g, 3 [l o+ st

— sup ||lz(t + s,t,z)| (e7*7* +1)| <O.
$26
Since

ViE+d,z+y) - VEYI < IVE+6,z+y) - V(E+5,z(t+6,t,z+y))ll
—[VE+6,z(t+6,t,z+y) - VL, vl
+HV(E,z+y) - V(E,y)l.
From the continuity of solution (1.1) and the Lipschitzian of V (¢, z), the first and the third
terms can be made small, and the second term can be seen to be small if § is small by an argument
similar to that used to prove that V'(t,z) exists.

Conversely, let conditions (4)—(6) be satisfied and from the assumption that h(t, z) is a bounded
function on its argument, then for any solution (¢, to, zo) of system (1.2) and M > 1,

[2(t, 0, zo)l| < V(t,7) < V(to, Zo) < Mo,

for ||zo]} < 81, and ||h(t, )| < &2, then the zero solution is uniformly T}-totally Lipschitz stable,
and the proof is completed.

REMARK. We can see that if the zero solution of (1.1) is uniformly 73- totally asymptotically
stable, then there exists a continuous function V(t,z) € C[R* x R*, R] such that

el <V(t,2) < M|, M >1,

for any solution z(t) of (1.1).
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THEOREM 3.2. Let there exist two functions f(t,z) that is defined in (1.1) and V(t,z) € C[J x
R", R]. Suppose the zero solution of (1.1) is uniformly asymptotically stable. Then it is uniformly
T)-totally Lipschitz stable.

Proor. Since the zero solution of (1.1) is uniformly asymptotically stable, it follows from The-
orem 3.6.9 of [8], there exist two functions f(t,z) € C[J x R*, R], f(t,0) = 0 and V(t,z) €
ClJ x R™, R], V(t,0) = 0 satisfying the following conditions.

() £t 2) = fF(t, ) < L(B)l|lz - ||, and

to+T
/ L(s)ds
to

(®) blall < V(t,2) < a(le]), a,b € K.
9) IV (t,2) - V(t,5)]| < Mllz - ], for (t,2), (t,3) € J x "
(10) DtV (t,z) < —c|V(t,z)|, c€ K.
Let 0 < € < §(¢) be given. Choose 6; = &;(€) such that

< N|T}, for (t,z),(t,y) € I xS5,, and T >0.

b(e) > 6y. (3.3)

Define m(t) = V(t,z), where z(t) = z(t,0,x¢) is a solution (1.2) such that ||zo| < é;. From
condition (8), we have

m(to) = V(to, zo) < allzoll < a(éy).
Now, we assume that

m(to) < b(M||zol]), t<to, M=>1 (3.4)
If this is false, there exist two numbers ¢; > t2 > 5 such that
Tn(tg) = a(61), m(tl) = b(é), and m(t) 2 a(61), tz S t Z tl.
Thus,
Dtm(ty) = Dt (a(d;)) > 0. (3.5)
As in [8], we get
DFm(ts) < —cla(b1)] + M(82) =0,

which contradicts (3.5). Therefore, the zero solution of (1.1) is uniformly T3-totally Lipschitz
stable.

4. CONCLUSION

The reader can check Figure 1, which appears as relations between different types of stability.

UnLLS — ULS «— UTLLS

! ! l
UTLS — US «— UT»S

N L
S

Figure 1.
UT; LS : Uniformly T;-totally Lipschitz stable, ¢ = 1, 2.
UT;S : Uniformly T;-totally stable, i = 1,2 [8].
ULS : Uniformly Lipschitz stable [7].
US : Uniformly stable [8].
S : Stable [8].
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