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Abstract-The notion of Lipschits stability for systems of ordinary differential equations (ODE) 
was introduced. In this paper, we will extend the total stability notion to a new type of stability called 
total Lipschite stability. Some criteria and results are given. Our technique depends on Liapunov’s 
direct method. MSC-34D20. @  2003 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 

Consider the systems 

2’ = f(4 XL (1.1) 

and the perturbed system 
2’ = f(t, x) + h(t, x), (1.2) 

where f, h E C[J x R”, R], J = [tc, co), f(t, 0) = h(t,O) = 0, with z(tc,ts,~) = ~0, Rn is the 
rzidimensional Euclidean real space, ]] z is an norm of the vector z E R”, and R = (co, -cm). j] . y 
Define S, = {z, z E R”, llzll < p, p > 0). 

The variety of problems of the qualitative properties of differential equations has been successful 
in different approaches based on Liapunov’s direct method, for ordinary and functional differential 
equations. There are many results concerned with relationships between the total stability and 
uniform asymptotic stability (see [l-5]). 

For a system of differential equations, uniformly asymptotically stable implies totally stable. It 
is known that the converse is not generally true. In [6] D  annan and Elaydi introduced the notion 
of Lipschitz stability for systems (1.1) and (1.2). Furthermore, they investigated and improved 
the relation between Lipschitz stability and Liapunov stability (see [7]). Many authors discussed 
and proved the necessary and sufficient condition for the zero solution of systems of differential 
equations notions to be Tl and Ts-total stable. 
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The aim of the paper is to extend both the notions Lipschitz stability of [7] and Ti-stability 
of [S], i = 1,2 for system (1.1) to the so-called Ti-total Lipschitz stability, i = 1,2. Furthermore, 
we prove that uniform asymptotic stability implies uniform Lipschitz stability of the zero solution 
of (1.2) which is inconsistent with the conjecture of Dannan and Elaydi [7]. 

Consider the comparison system 

u’ = G(t, u), u(to) (14 

and the perturbed system 
u’ = G(t, u) + p(t), (1.4) 

where G  E C[J x R”, R], G(t,O) = 0, and p(t) E [J x R+]. Now, as in [5,8], we define a Liapunov 
function V(t, Z) E C[J x R”, R], and the function 

D+V(t) = &sup i [V(t + 6, x  + f5f(t, x)) - V(t, x)]. 

The following definitions will be needed. 

DEFINITION 1.1. The zero solution of system (1.1) is said to be Tl- totally Lipschitz stable if for 
E > 0, there exist positive numbers 61 > 0, 62 > 0, and M > 1 such that for a solution x(t, to, 20) 
of the perturbed system (1.21, the inequality 

holds, provided that 

II44 to, xo)ll 5 Wlxoll 

DEFINITION 1.2. The zero solution of system (1 .l) is said to be Tz- totally Lipscbitz stable (or 
totally Lipschitz stable under permanent perturbations bound in the mean) if for E > 0, there 
exist positive numbers br(e) > 0, 62(e) > 0, and M > 1 such that for the perturbed system (1.2), 
the inequality 

1144 to, xo)ll I -Wlxoll (1.6) 
holds, provided that 

llxoll 5 61, IlW ,xc)ll I X(t), for lbll < 5 
and (1.7) 

s 

to+T 

X(s) ds I 62, T > 0. 
to 

Any Ti-totally Lipschitz stability, i = 1,2 can be similarly defined. 

2. LIPSCHITZ STABILITY 

In this section, we will discuss uniform asymptotic stability implies uniform Lipschitz stability 
of (1.1) which is inconsistent with the conjecture of Dannan and Elaydi [7]. 

LEMMA 2.1. If the zero solution of (1.1) IS uniformly asymptotically stable, then there exists a 
continuous function V(t,x) E [R+ x R+, R] such that 

IMI 5 V(t,x) I M II4I, M > 1, 

for any solution x(t) of (1.1). 

PROOF. Since the zero solution of (1.1) is uniformly asymptotically stable, by Theorem 5.4.4 
of [9], we get 

Ibll I cll~c(~l)lHt - tl), t 2 t1, c E K, 0 E L. (2.1) 
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Thus, choosing u and c as a(t) = e--OL(t-tl), Q 2 0 and 

44l = ~II~(~l)ll~ M > 1. 

Consequently, inequality (2.1) becomes 

~~~~~ = Mllz(t)Ile-“(t-t’), t > t1. (2.2) 

Now, if the scalar function V(t, ZE) is chosen as 

Hence, we get 

V(4 XI = t”>“tp 114. (2.3) 
-1 

II4 I v(t,x) I MII4. 
The proof is comp’leted. 

THEOREM 2.2. Let the hypotheses of Lemma 2.1 be satisfied and f(t,x) in (1.1) be locally 
Lipschitzian in t. Then the zero solution of (1.1) is uniformly Lipschitz stable. 
PROOF. From Lemma 2.1, the zero solution of (1.1) is uniformly asymptotically stable, by using 
Theorem 3.6.9 of [9]. There exists a continuous function V(t, z) E [Rf x R+, R] satisfying 

(1) II41 I V(t,z) I WI4I, M > 1; 
(2) IlUt,~:) - v(t,Y)ll I lb - 41, for @,~I, (t,Y) E J x R”; 
(3) W,4(1.1) I -441, c E K. 

Thus, it clear that condition (6) implies V’(t,x) < 0, and therefore, the conditions of Theo- 
rem 1.2 of [7] are satisfied. Hence, the zero solutions of (1.1) are uniformly Lipschitz stable. The 
proof is completed. 

3. TOTAL LIPSCHITZ STABILITY 

In this section, we discuss the notion of Ti-total Lipschitz stability of (1.1) which connects 
between both notions of Lipschitz stability of [6,7], and Ti-total stability of [8], i = 1,2. 

The following definitions will be needed in this section. 

THEOREM 3.1. Suppose that f(t, Z) in (1 .l) is locally Lipschitzian in z uniformly in t, and h(t, Z) 
is a bounded function. Then the zero solution of (1.1) is uniformly Tr-totally Lipschitz stable iff 
there exists a continuous function V(t,x) fort 2 to, and ]]z]] < 6, such that 

(4) 1141 5 V(kx) 5 WI, L > 1; 
(5) IlV(t,~) - V(t,y)ll I L*ll5 - ~11, fort 2 to, L’ > 1; 
(6) V’(t,z) 5 0. 

PROOF. Let the zero solution of (1.1) b e uniformly Z’i-totally Lipschitz stable. Then there exist 
M > 1, 61 > 0, and bz > 0 such that 

Il4t,to,zo)ll I Mll~oll, 
whenever llzo/l 5 61, ]]h(t,~)ll 5 62, t 2 to. 

Following [7], we choose the function 

V(t, z) = ;;! Ilz(t + s, t, z)II (emset + 1) 
- 

(3.1) 

(3.2) 

Then 

Ilz(t, t, ~111 5 II44 4 ~111 (1 + e-l) I V(t, x) 
I M sup Ils(t, t, z)II (evsmt + 1) 

320 

I 2Mll4 I LIl4I. 
This proves (4). 
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Since f(t, Z) in (1.1) is locally Lipschitzian in z uniformly in t, there is q = q (M, 6) such that 

Ilx(t+s,w)ll - II+ +s~42/)11 5 eqsII~ - YIL 

for 

1141 5 6, IIYII I4 6 > 0. 

We note that 

/Ix(t + s, t,x)ll L Mll~ll 5 Mb and Il~(t + s, t, YIII I Mllvll i Mb. 

Let N > 0 be a constant such that M = eN. Then 

f”>t: Ilx(t + s, t, x)11 (emsst + 1) 1. fyi llxll (e” + eNms-‘) . 
- - 

Hence, the above sup is realized for 0 < t + s 5 N in case t > N and if s = 0 in case t 2 N. 
Thus, for )I~~~ L 6, and IIYII 56, 

IlV(t,x) - V(t,y)ll 5 ;;{(llx(t + s,t,x)II - Ilx(t + s,t,Y)II) (emsmt + 1) 

jO<t+s<Nift<N, ands=Oift>N) 

5 ;“,fe”ljx - yJI (epspt + 1) 

i & - yll, L > 1. 

This proves (5). 
The proof of (6) follows from (3.2). We get 

V’ = ily+ ; [v(t + 6, x(t + 6, t, x)) - v(t, x)] 

= /ly+ f [is;; Ilx(t + b + s, t,x)ll (e-s-t+h + 1) 
- 

- mu Ilx(t + s, t,x)II (epspt + 1) i 0. 
- 1 

Since 

llv(t + 4 x + Y) - V(4 Y)II I IlV@ + 4 x + Y>‘- V@ + 4 x(t + 4 4% + Y))ll 
- IIVF + 4 x(t + 4 6 x + Y)) - V@, x, Y)ll 

+IIV(t,x+y) -VkY)ll. 

From the continuity of solution (1.1) and the Lipschitzian of V(t,x), the first and the third 
terms can be made small, and the second term can be seen to be small if b is small by an argument 
similar to that used to prove that V’(t,x) exists. 

Conversely, let conditions (4)-(6) b e satisfied and from the assumption that h(t, x) is a bounded 
function on its argument, then for any solution x(t, to, xc) of system (1.2) and M > 1, 

Ilx(t,to,xo)ll 5 V(t,x) 5 V(to,xo) 5 Mllxoll, 

for l[~ell 5 Jr, and Ilh(t, x)1/ 5 62, then the zero solution is uniformly Tr-totally Lipschitz stable, 
and the proof is completed. 

REMARK. We can see that if the zero solution of (1.1) is uniformly Tr- totally asymptotically 
stable, then there exists a continuous function V(t, x) E C[R+ x R+, R] such that 

II4 I v(t,x) 5 W4I, M>l, 

for any solution x(t) of (1.1). 
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THEOREM 3.2. Let there exist two functions f(t, Z) that is defined in (1.1) and V(t, x) E C[J x 
R”, R]. Suppose the zero solut’ion of (1 .l) IS uniformly asymptotically stable. Then it is uniformly 
Tl-totally Lipschitz stable. 

PROOF. Since the zero solution of (1.1) is uniformly asymptotically stable, it follows from The- 
orem 3.6.9 of [8], there exist two functions f(t, X) E C[J x R”, R], f(t, 0) = 0 and V(t!zr) E 
C[J x R”, R], V(t, 0) = 0 satisfying the following conditions. 

(7) Il.f(h~) - f(h~)ll I L(W - ~11, and 

~~~‘TL(s)cl.si<NITl, for(t,x),(t,y)EJxS,, andT>O. 

63) &II I v(t,x) I4l4l), a,b E K. 
(9) IlV(t,~) - V(t,y)ll 5 M/la: - ~11, for (6x), (6~) E J x R”. 

(10) D+v(t,X) I -clV(t,s)l, c E K. 

Let 0 < E < b(c) be given. Choose 61 = &(E) such that 

b(E) > 61. (3.3) 

Define m(t) = V(t,x), where z(t) = x(t,to,zo) is a solution (1.2) such that IIzO/I 5 51. From 
condition (8), we have 

m(to) = V(to,zo) 5 4~oll I 461). 

Now, we assume that 

%J) < v4l~011)~ t 5 to, M> 1. 

If this is false, there exist two numbers tl > t2 > to such that 

(3.4) 

m(ta) = a(&), m(h) = b(f), and m(t) 2 a(&), t2 5 t > tl 

Thus, 

As in [8], we get 

D+m(t2) = D+(u(61)) 10. (3.5) 

D+m(tz) < -c[u(S,)] + M(62) = 0, 

which contradicts (3.5). Therefore, the zero solution of (1.1) 1s uniformly Tl-totally Lipschitz 
stable. 

4. CONCLUSION 
The reader can check Figure 1, which appears as relations between different types of stability. 

UT1 LS + ULS +--- UT2 LS 

1 1 1 
UTIS -----f US + UT2S 

\ 1 J 
S 

Figure 1. 

UZ’iLS : Uniformly T.-totally Lipschitz stable, i = 1,2 
UTi.9 : Uniformly Ti-totally stable, i = 1,2 [8]. 
ULS : Uniformly Lipschitz stable [7]. 

US : Uniformly stable [8]. 
S : Stable [S]. 
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